Abstract. Let R = Mat 2 (F ) be the ring of all 2 by 2 matrices over a finite field F , X the set of all nonzero, nonunits of R and G the group of all units of R. After investigating some properties of orbits under the left (and right) regular action on X by G, we show that the graph automorphisms group of Γ(R) (the zero-divisor graph of R) is isomorphic to the symmetric group S |F |+1 of degree |F | + 1.
Introduction
The zero-divisor graph of a commutative ring has been studied extensitively by Akbari, Anderson, Frazier, Lauve, Livinston and Mohammadian in [1, 2, 3] since its concept had been introduced by Beck in [4] . Recently, the zero-divisor graph of a noncommutative ring (resp. a semigroup) has also been studied by Redmond and Wu (resp. F. DeMeyer and L. DeMeyer) in [10, 11, 12] (resp. [5] ). The zero-divisor graph has been used to study the algebraic structures of rings via their zero-divisors. In this paper, the group of the zero-divisor graph automorphisms over a matrix ring over a finite field is investigated by considering some group actions.
For a ring R with identity, let Z(R) be the set of all left or right zerodivisors of R, Γ(R) be the zero-divisor graph of R consisting of all vertices in Z(R) * = Z(R) \ {0}, the set of all nonzero left or right zero-divisors of R, and edges x −→ y, which means that xy = 0 for x, y ∈ Z(R) * . For a ring R with identity, let X(R) (simply, denoted by X) be the set of all nonzero, nonunits of R, G(R) (simply, denoted by G) be the group of all units of R. In this paper, we will consider some group actions on X by G given by (g, x) −→ gx (resp. (g, x) −→ xg −1 ) from G × X to X, called the left (resp. right) regular action. If ϕ : G × X −→ X is the left (resp. right) regular action, then for each x ∈ X, we define the orbit of
. In Section 2, we will show that if R = Mat 2 (F ) with F a finite field, then (1) the number of orbits under the left (resp. right) regular action on X by G is |F |+1; (2) if N is the set of all nonzero nilpotents in R, then |N | = |F | 2 −1 and
We recall that for all x ∈ X the set ann ℓ (x) = {y ∈ X : yx = 0} (resp. ann r (x) = {z ∈ X : xz = 0}) is called a left (resp. right) annihilator of x. Let ann *
A graph automorphism f of a graph Γ(R) (where R denotes a ring) is defined to be a bijection f : Γ(R) −→ Γ(R) which preserves adjacency. Note that the set Aut(Γ(R)) of all graph automorphisms of Γ(R) forms a group under the usual composition of functions. In [3] , Anderson and Livingston have shown that Aut(Γ(Z n ) is a (finite) direct product of symmetric groups for n ≥ 4 a nonprime integer. For the case of noncommutative rings, it was shown by [8] that when R = Mat 2 (Z p ) (p is a prime), Aut(Γ(R)) ≃ S p+1 , the symmetric group of degree p + 1. In Section 3, for the continuation of these investigation, we prove that Aut(Γ(R)) ≃ S |F |+1 when R = Mat 2 (F ) with F a finite field.
Orbits under the regular action in Mat 2 (F )
Recall that G is transitive on X (or G acts transitively on X) under the left (resp. right) regular action on X by G if there is an x ∈ X with o ℓ (x) = X (resp. o r (x) = X) and the left (resp. right) regular action of G on X is said to be half-transitive if G is transitive on X or if o ℓ (x) (resp. o r (x)) is a finite set with |o ℓ (x)| > 1 (resp. |o r (x)| > 1) and |o ℓ (x)| = |o ℓ (y)| (resp. |o r (x)| = |o r (y)|) for all x and y ∈ X. In [7, Theorem 2.4 and Lemma 2.7], it was shown that if R = Mat 2 (F ) with F a finite field, then G is half-transitive on X by the left (resp. right) regular action and Proof. Let µ be the number of orbits under the left (resp. right) regular action on X by G.
. Since the cardinality of any orbit under the left (resp. right) regular action on X by G is |F | 2 − 1 by
The following theorem was shown in [6] . 
Since y ∈ N , we have (p + qα)α = (r + sα)(̸ = 0) by the proof of Lemma 2.2, and so
Therefore, o ℓ (x)∩N ⊆ S x , and consequently we have S x = o ℓ (x)∩N . By the similar argument, we have also
(ii) By the proof of (i), we have that
for each x ∈ N where S x is the set considered in the proof of (i). Let y ∈ o ℓ (x) ∩ o r (x) be arbitrary and let
]
.
From (1) and (2), we have that
with F a finite field and N be the set of all nonzero nilpotents in R. Choose
, and so S xj ⊆ S xi , which is a contradiction. Since the number of orbits under the left regular action on X by G is |F | + 1 by Lemma 2.1,
Lemma 2.4. Let R = Mat 2 (R) with F a finite field and N be the set of all nonzero nilpotents in R.
Then for all x, y ∈ N , y = gxg −1 for some g ∈ G.
Proof. Consider a group action on X by G given by (g, x) −→ gxg −1 from G × X to X, called conjugation. Proof. First, we will show that o ℓ (x) ∩ o r (y) ̸ = ∅ for each x, y ∈ X. By Remark 1, we can choose
Indeed, since x i and y j are nonzero nilpotents in R, y j = gx i g −1 for some g ∈ G by Lemma 2.4.
Next, we will show that |o
where I is the identity matrix in R.
The following example illustrates Theorem 2.3 and Theorem 2.5 for a certain finite field.
2 ⟩, a field of order 4 where Z 2 is the Galois field of order 2. To simplify notation, we denote f (x)+⟨1+x+x 
We compute the followings by a computer programming (using Mathematica Ver. 6):
,
Also we compute the followings by a computer programming (using Mathematica Ver. 6):
Automorphism of graph over Mat 2 (F )
Lemma 3.1. Let R be a ring with identity and f :
Since zx = 0 and f preserves adjacency, 0 = f (z)f (x) = yf (x) and so Proof. By [8, Proposition 1.2], all x ∈ X are zero-divisors, and so ann * ℓ (x) ̸ = ∅ (resp. ann * r (x) ̸ = ∅) for all x ∈ X. Hence for all x ∈ X ann * ℓ (x) (resp. ann * r (x))
